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A general formalism developed few years ago to model polytropic Newtonian stars with anisotropic
pressure is applied to model stars for which, both, radial and tangential pressure satisfy polytropic
equations of state. We obtain the corresponding Lane–Emden equation, and integrate it for a wide
range of values of the parameters, thereby illustrating the effects of the pressure anisotropy on stellar
objects. We calculate Chandrasekhar mass for a white dwarf and compare it with previous results.
Finally, prospective applications to some astrophysical scenarios are discussed.
I. INTRODUCTION
In the theory of stellar structure, in the context of
Newtonian gravity, the polytropic equation of state has
played a very important role [1–4]. The reasons behind
the success of this approach lie, on the one hand, in the
simplicity of the equation of state and the ensuing struc-
ture equation (the Lane-Emden equation), and on the
other hand, on the fact that the polytropic equation of
state may be applied to a wide range of very different
astrophysical scenarios. Although we are restricting in
this work to the Newtonian case, it should be mentioned
that for extremely compact objects, a relativistic theory
of gravitation has to be used (e.g. general relativity)
which requires a suitable adapted approach, described in
many references (see for example [5–25] and references
therein).
It is worth noticing that in most applications it is usual
to assume that the fluid distribution satisfies the Pascal
principle (principal stresses equal), i.e. the pressure is
assumed to be isotropic. However, we know nowaday that
the isotropic pressure condition may be too stringent, and
furthermore the presence of local anisotropy is caused
by a large variety of physical phenomena expected to be
present in compact objects [26].
For the isotropic pressure case, the polytropic equation
of state reads
P = Kργ = Kρ1+1/n , (1)
where P and ρ denote the isotropic pressure and the den-
sity respectively, and K, γ, and n are the polytropic con-
stant, the polytropic exponent, and the polytropic in-
dex, respectively. To any duplet of these two parameters
(K, γ or K,n) corresponds a specific model of the star.
When polytropic constant K is fixed and can be cal-
culated from natural constants, the polytropic equation
∗ gabriel.abellan@ciens.ucv.ve
† ernesto.fuenmayor@ciens.ucv.ve
‡ lherrera@usal.es
of state may be used to model a completely degenerate
Fermi gas in the nonrelativistic (n = 5/3) and relativistic
limit (n = 4/3). In this case, polytropes provide a tool
of modelling compact objects as white dwarfs and allow
to obtain in a rather direct way the Chandrasekhar mass
limit. On the other hand, when K is a free parameter,
constant for a specific star, polytropes can be used to
model an isothermal ideal gas. Such models are relevant
in connection with the Schonberg-Chandrasekhar limit
[4].
The theory of Newtonian polytropes for anisotropic
matter was fully developed in [27] (for the relativistic ver-
sion see [12]), here we shall follow closely that approach,
complementing it by assuming that both pressures (ra-
dial and tangential) satisfy a polytropic equation of state.
Doing so the ensuing Lane–Emden equation may be in-
tegrated and the models would depend on the specific
values of the parameters.
The manuscript is organized as follows. In the next
section we outline the general method for treating Newto-
nian polytropes for anisotropic matter described in [27].
In order to integrate de ensuing Lane–Emden equation
we need an additional ansatz, which in our case consists
in assuming that not only the radial pressure, but also
the tangential one, obeys a polytropic equation of state.
This is done in section III. In section IV, the correspond-
ing Lane–Emden equation is integrated numerically for
a specific range of values of the parameters. Finally, a
discussion of the results is presented in the last section.
II. ANISOTROPIC POLYTROPES
We shall here expose the basic ideas to treat the poly-
trope for anisotropic matter described in [27], although
we shall express the ensuing equations in a slightly dif-
ferent form.
For an anisotropic fluid the hydrostatic equilibrium
equation in spherical coordinates is given by
dPr
dr
= −dφ
dr
ρ+
2
r
∆ , (2)
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2where φ is the gravitational potential and ∆ = P⊥ − Pr
the anisotropy factor. This equation can be considered as
the Newtonian limit of Tolman–Opphenheimer–Volkoff
equation for anisotropic matter. It is important to men-
tion that due to the spherical symmetry, only two prin-
cipal stresses may be unequal, i.e. Pθ = Pϕ = P⊥ and
Pr 6= P⊥.
On the other hand, the Poisson equation reads
1
r2
d
dr
(
r2
dφ
dr
)
= 4piGρ , (3)
where G denotes the gravitational constant. Considering
that the fluid satisfies a polytropic equation of state for
the radial pressure Pr, then combining the Eqs. (1) and
(2), we obtain
γKργ−2
dρ
dr
= −dφ
dr
+
2
rρ
∆ . (4)
Two different cases can be considered from now on: γ 6= 1
and γ = 1.
Let us first consider γ 6= 1 and integrate from r = rc =
0 up to some arbitrary r, one obtains
φ− φc = −K(1 + n)(ρ1/n − ρ1/nc ) +
∫ r
0
2∆
xρ
dx , (5)
where we have used the relation between the exponent
and the index of the polytrope γ = 1+1/n. The subscript
c denotes the value of the respective physical quantity
evaluated at r = 0. Next, we substitute Eq. (5) in the
Poisson equation (3) to obtain
K(1 + n)∇2ρ1/n − 1
r2
d
dr
(
r2
2∆
rρ
)
= −4piGρ . (6)
In order to solve this equation it is convenient to rewrite
it in dimensionless form, for this purpose the following
quantities are defined
z = Ar ,
A2 = ε
4piGρ
1−1/n
c
K(1 + n)
, (7)
ρ = ρc ω
n .
The parameter ε can take two values depending on poly-
tropic index range. If n > −1, ε = +1; if n < −1,
ε = −1. With these conventions the polytropic equation
of state reads
Pr = Kρ
1+1/n = Kρ1+1/nc ω
1+n = Pc ω
1+n . (8)
Using Eq. (8) and the conventions (7), the Eq. (6) takes
the form
ω′′ +
2
z
ω′ − 2
Pc(1 + n)zωn
(
∆′ +
∆
z
− nω
′
ω
∆
)
= −εωn.
(9)
Here, primes denote differentiation with respect to the
adimensional coordinate z. Note that the variable ω is
also dimensionless, in particular at the center of the sys-
tem we have ω(0) = 1. Also, note that in the isotropic
limit ∆ → 0 we recover the well known Lane–Emden
equation [4, 27].
The case n = −1 corresponds to an equation of state
of the form Pr = K, describing a constant pressure sys-
tem (if ρ 6= 0). This of course is not consistent with
the boundary condition implying that the radial pres-
sure vanishes on the boundary of the fluid distribution,
accordingly this case is ruled out.
Let us now consider the case n = ±∞ (γ = 1), pro-
ducing Pr = Kρ. Then substituting this equation in (2),
integrating between r = 0 and an arbitrary r, and using
the Poisson equation (3) we find
ω′′ +
2
z
ω′ +
2 eω
Pcz
(
∆′ +
∆
z
+ ∆ω′
)
= e−ω , (10)
where we have used the following redefinitions in order
to adimensionalize the equation
z = α r ,
α2 =
4piGρc
K
, (11)
ρ = ρc e
−ω .
The equation (10) reduces to the respective isotropic
Lane–Emden equation when ∆ → 0, as it should be.
Please note that in Eq. (9) we have Pc = Kρ
1+1/n
c but
in Eq. (10) we define Pc = Kρc.
Both Eqs. (9) and (10) are second order differential
equations, so we must give two conditions in order to
solve. Note that for n 6= −1, ±∞ we have ω(0) = 1 and
for n = ±∞, we use ω(0) = 0. Now, in order to find the
condition over the first derivative of ω, we integrate the
Poisson equation (3)
dφ
dr
=
4piG
r2
∫ r
0
x2ρ dx . (12)
For n 6= −1, ±∞ we use Eqs. (7) and after substitution
in (4) and integration, we find
ω′ = − ε
z2
∫ z
0
ωnx2dx +
2
Pc(1 + n)
(
∆
zωn
)
. (13)
On the other hand, for n = ±∞, and by doing similar
steps we obtain
ω′ =
1
z2
∫ z
0
e−ωx2dx − 2∆
Pc z
eω . (14)
Therefore, in the limit z → 0 we find that
ω′(0) =
2
Pc(1 + n)
lim
z→0
∆
z
, for n 6= −1, ±∞ , (15)
ω′(0) = − 2
Pc
lim
z→0
∆
z
, for n = ±∞ . (16)
3Note that the expressions for the first derivatives impose
a regularity condition over the anisotropy.
As is evident from either Eq. (9) or Eq. (10), in order
to integrate them and obtain specific models, additional
information has to be provided (we have one equation
for two unknown variables). As we mentioned before, we
shall close the system by considering that the tangential
pressure (as well as the radial one) satisfies a polytropic
equation of state. This ansatz is completely equivalent
to giving the anisotropy factor. The structure equation
as well as the rationale behind such an assumption will
be deployed and explained in the next section.
III. THE DOUBLE POLYTROPE
Thus we will assume that, both, radial and tangen-
tial pressures obey a polytropic equation of state. Be-
sides the need to provide additional information in order
to obtain specific models, there is a simple idea behind
the above mentioned assumption. Indeed, for a small
anisotropy factor, if we assume that radial pressure sat-
isfies a polytropic equation of state, then it is physically
meaningful to impose a similar equation of state for the
tangential pressure. Therefore our assumption allows us
to continuously connect our models through the variation
of the parameters, including the isotropic pressure case,
in a very simple way, with the certainty that, at least,
for non very large anisotropies the models should behave
physically well.
In order to make the discussion easier, we shall consider
separately different ranges of values of the parameters.
A. Case 1: Both polytropes with n 6= −1,±∞
We start with our main assumption, i.e. both pressures
obey a polytropic equation of the form (1), so that
Pr = Krρ
γr = Prc ω
1+nr , (17)
P⊥ = K⊥ργ⊥ = P⊥c ω1+n⊥ . (18)
In the former expressions we used the change of variables
ρ = ρcω
n in (7) but considering that there are two poly-
tropic indexes (nr, n⊥), one for each polytrope . Clearly,
from Eqs. (17) and (18) we have Prc = Krρ
1+1/nr
c and
P⊥c = Krρ
1+1/n⊥
c .
Using (17) and (18) we write the anisotropy factor re-
sulting from this
∆ = P⊥ − Pr = P⊥c ω1+n⊥ − Prc ω1+nr . (19)
Then, the regular condition at r = 0, implying that the
anisotropy factor must be zero in the center ∆(0) = 0,
produces
P⊥c = Prc ←→ K⊥
Kr
=
ρ
1/nr
c
ρ
1/n⊥
c
. (20)
From this expression we see that choosing K⊥ = Kr nec-
essarily implies n⊥ = nr and the opposite is also true.
But if this is the case, then one has ∆ = 0 for all r,
and there is no anisotropy. Accordingly we should have
n⊥ 6= nr and K⊥ 6= Kr.
It is worth noticing that it is not possible to have an
overall anisotropy of the form ∆ = Kργ , since condition
∆(0) = 0 would imply ρc = 0, which is clearly unadmis-
sible from elementary physics considerations.
It is a simple matter to check that regularity condition
(15) is fullfilled.
B. Case 2: Radial polytrope with nr = ±∞ and
tangential polytrope with n⊥ 6= −1,±∞
In this case the polytropes take the form
Pr = Krρ
γr = Prc e
−ω , (21)
P⊥ = K⊥ργ⊥ = P⊥c ω1+n⊥ , (22)
where we have used the change of variables ρ = ρce
−ω in
(11) for Pr, and ρ = ρcω
n⊥ in (7) for P⊥.
From Eqs. (21) and (22) we have Prc = Krρc and
P⊥c = K⊥ρ
1+1/n⊥
c .
Using (21) and (22) we obtain for the anisotropy factor
∆ = P⊥ − Pr = P⊥c ω1+n⊥ − Prc e−ω. (23)
Then the condition at the center ∆(0) = 0 produces
P⊥c = Prc ←→ K⊥
Kr
=
1
ρ
1/n⊥
c
, (24)
where we have used the condition ω(0) = 0 for the radial
pressure and ω(0) = 1 for the tangential one. It is a
simple matter to check that the condition ω′(0) = 0 is
satisfied.
C. Case 3: Radial polytrope with nr 6= −1,±∞ and
tangential polytrope with n⊥ = ±∞
In this last case, the polytropes take the following form
Pr = Krρ
γr = Prc ω
1+nr , (25)
P⊥ = K⊥ργ⊥ = P⊥c e−ω , (26)
where we have used the change of variables ρ = ρcω
nr
in (7) for Pr, and ρ = ρce
−ω in (11) for P⊥, and Prc =
Krρ
1+1/nr
c , P⊥c = K⊥ρc.
Using the above equations the anisotropy factor for
this case reads
∆ = P⊥ − Pr = P⊥c e−ω − Prc ω1+nr , (27)
and the condition at the center ∆(0) = 0 produces
P⊥c = Prc ←→ K⊥
Kr
= ρ1/nrc , (28)
4where we have used the conditions ω(0) = 1 for the radial
pressure term and ω(0) = 0 for the tangential one. Also
it is a simple matter to check that ω′(0) = 0.
It is worth emphasizing that the case nr,⊥ = ±∞,
corresponds to the isotropic pressure case. This can be
seen from equations (22), (28) which imply K⊥ = Kr.
IV. SOLVING THE ANISOTROPIC
LANE–EMDEN EQUATION
We are now ready to write down the Lane–Emden
equation for the three cases considered in the previous
section and to solve them.
Case 1: If nr,⊥ 6= −1, ±∞, the anisotropy factor and
its derivative are
∆ = Pr0[ω
1+n⊥ − ω1+nr ] , (29)
∆′ = Pr0[(1 + n⊥)ωn⊥ − (1 + nr)ωnr ]ω′ . (30)
Then using the Eqs. (29) and (30) and noticing that the
polytropic index n in Eq. (9) is in fact nr we get
ω′′ + Π1 ω′ + Π2 ωnr = 0 (31)
with
Π1 =
2
z
+
2
(1 + nr)z
− 2(1 + δ)
(1 + nr)z
ωδ , (32)
Π2 = ε+
2
(1 + nr)z2
ω1−nr − 2
(1 + nr)z2
ω1−nr+δ .(33)
The parameter δ = n⊥ − nr measures the degree of
anisotropy in the system, being δ = 0 the isotropic limit.
It is easy to see that at the isotropic limit we obtain
Π1 = 2/z, Π2 = ε and the well known Lane–Emden
equation is recovered.
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FIG. 1. Case 1: ω vs. z with δ = 1 and: A) nr = 0 (solid
line), B) nr = 1 (small–dashed line), C) nr = 3 (medium–
dashed line), D) nr = 5 (large–dashed line).
Case 2: If nr = ±∞ and n⊥ 6= −1, ±∞, we obtain
∆ = Pr0[ω
1+n⊥ − e−ω] , (34)
∆′ = Pr0[(1 + n⊥)ωn⊥ + e−ω]ω′ , (35)
leading to
ω′′ + χ1 ω′ + χ2 = e−ω , (36)
where
χ1 =
2
z
+
2
z
(1 + n⊥ + ω) eωωn⊥ , (37)
χ2 = − 2
z2
(
1− eωω1+n⊥) . (38)
It is worth noticing that, unlike the previous case, in this
particular case the isotropic limit is not reachable.
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FIG. 2. Case 2: ω vs. z with nr = ±∞ and: A) n⊥ =
0 (solid line), B) n⊥ = 1 (small–dashed line), C) n⊥ = 5
(medium–dashed line),
Case 3: If nr 6= −1, ±∞, and n⊥ = ±∞, the anisotropy
factor and its derivative are
∆ = Pr0[e
−ω − ω1+nr ] , (39)
∆′ = −Pr0[e−ω + (1 + nr)ωnr ]ω′ , (40)
from which we find
ω′′ + Ξ1 ω′ + Ξ2 ωnr = 0 , (41)
where the coefficients are
Ξ1 =
2
z
+
2
(1 + nr)z
+
2
(1 + nr)z
e−ω
ωnr
+
2nr
(1 + nr)z
e−ω
ω1+nr
,
(42)
Ξ2 = ε+
2
(1 + nr)z2
ω1−nr − 2
(1 + nr)z2
e−ω
ω2nr
. (43)
As in the case 2 above, the isotropic limit is not reachable
in this case.
We may now proceed to integrate numerically the
obtained equations in each case using the appropriate
boundary conditions.
Figures 1–3 show the solutions for the three different
cases and a selected range of values of the parameters,
whereas Figures 5–6 exhibit the behavior of some models
of the case 1 for the indicated range of values of the
parameters.
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FIG. 3. Case 3: ω vs. z with n⊥ = ±∞ and: A)
nr = 0 (solid line), B) nr = 1 (small–dashed line), C) nr = 5
(medium–dashed line).
One of the most interesting problem we have to deal
with, within the context of the formalism developed here,
concerns the modifications introduced by the anisotropy
of the pressure in the Chandrasekhar mass. Since we
would like to compare the results with the isotropic case
we shall restrict to the case 1.
The total mass of the distribution is given by the fol-
lowing expression
M = 4pi
∫ R
0
r2ρ dr = 4piρc
R3
(z
(δ)
n )3
∫ z(δ)n
0
z2ωnr dz ,
(44)
were we have used (7), and z
(δ)
n satisfies the relation
ω(z
(δ)
n ) = ω
(δ)
n = 0, where ω(z
(δ)
n ) is the solution of (31)
for a given value of δ and nr. Using the Eq. (9) we find
for the integrand,
εz2ωnr =
2z
Pc(1 + nr)ωnr
(
∆′ +
∆
z
− nr ω
′
ω
∆
)
− d
dz
(
z2
dω
dz
)
. (45)
Substituting this expression in (44) and using (29) and
(30) we find that the total mass is
M = 4piρc
R3
ε(z
(δ)
n )3
[
−
∫ z(δ)n
0
d
dz
(
z2
dω
dz
)
dz
+
2
Pc(1 + nr)
∫ z(δ)n
0
z
ωnr
(
∆′ +
∆
z
− nr ω
′
ω
∆
)
dz
]
= 4piρc
R3
ε(z
(δ)
n )3
{
− (z2ω′)
z
(δ)
n
+
2
(1 + nr)
∫ z(δ)n
0
z
[
(1 + δ)ωδω′+
ω1+δ
z
− ω′ − ω
z
]
dz
}
= 4piρc
R3
ε(z
(δ)
n )3
[
− (z2ω′)
z
(δ)
n
+
2
(1 + nr)
∫ z(δ)n
0
d
dz
(
zω1+δ − zω)dz]
= 4piρc
R3
ε(z
(δ)
n )3
[
− (z2ω′)
z
(δ)
n
]
. (46)
In the last line we have used the condition ω(z
(δ)
n ) = 0.
Note that Chandrasekhar mass Mch is obtained from (46)
using parameters δ = 0 and n = nr = 3. In order to
compare the anisotropic mass M with Mch we focus in
models that are connected with Chandrasekhar model,
so setting ε = +1 we find that
M
Mch
=
(−z2ω′)
z
(δ)
n
(−z2ω′)
z
(0)
3
. (47)
If we introduce the mean density ρ¯ = 3M/4piR3, we can
study the density concentration
ρ¯
ρc
=
(
−3
z
ω′
)
z
(δ)
n
. (48)
This is a useful expression because it depends only of the
model parameters.
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FIG. 4. Mass ratio M/Mch vs. anisotropy parameter δ.
6In table IV we give a set of numbers that can be used
to create concrete models. Note that for a fixed radial
polytropic index nr = 3, when the anisotropy parameter
δ increases, the density concentration becomes smaller.
Using this numerical values, we obtain a plot of Eq. (47)
versus the anisotropy parameter δ, Fig. 4. From this
figure it is easy to see how the mass can be stretched or
shrunk depending on the value of the anisotropy param-
eter.
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FIG. 5. ω vs. z with nr = 3 and: A) δ = −0.5 (solid line), B)
δ = 0 (small–dashed line), C) δ = 1 (medium–dashed line),
iv) δ = 10 (large–dashed line),
δ z
(δ)
3 (−z2ω′)z(δ)3 ρc/ρ¯
0 6.89684 2.01824 54.1824
0.5 7.55491 1.61324 89.0983
1.5 8.17633 1.40294 129.871
2.5 8.61012 1.31038 162.37
3.5 8.93913 1.24468 191.296
4.5 9.29552 1.18622 225.701
7.5 10.806 1.02843 408.983
10.5 13.4609 0.888946 914.595
20.5 36.1659 0.634237 24861.3
50.0 172.18 0.53336 3.19203 · 106
100.0 406.918 0.516845 4.3485 · 107
TABLE I. Numerical values for polytropic models with ε = 1
and nr = 3.
V. CONCLUDING REMARKS
We have described a whole family of polytropes for
anisotropic matter by assuming that both pressures sat-
isfy a polytropic equation of state. The main advantage
of the approach followed here with respect to the kind of
anisotropy considered in [27] resides in the fact that in
our case we know that, at least, for some range of values
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FIG. 6. ω vs. z with nr = −3 and: A) δ = −0.5 (solid line),
B) δ = 0 (small–dashed line), C) δ = 1 (medium–dashed line),
D) δ = 10 (large–dashed line),
of δ not very far from the isotropy, our equation of state
(18) is well justified.
We have established the structure equations (Lane–
Emden) describing each model for any set of the param-
eters. Next, we have applied a graphical-numerical treat-
ment to solve the generalized Lane-Emden equations that
arise in each case and have calculated the Chandrasekhar
mass for a white dwarf. It is clearly shown that the
Chandrasekhar mass limit changes with the introduced
anisotropy. These models can be further developed and
used to study the influence of local anisotropy in such an
important problem as the Chandrasekhar mass limit, in
particular in relation with the possible existence of super-
Chandrasekhar white dwarfs. At this point we cannot
assert if the inferred super–Chandrasekhar white dwarfs
from collected data [28–32] are the result of anisotropy as
considered here, but this interesting issue deserves more
attention.
The case γ = 1 deserves special attention. Indeed, we
know that in the isotropic pressure case, polytropes with
γ = 1 are used to construct models with non–degenerate
isothermal cores, which play an important role in the
analysis of the Schonberg-Chandrasekhar limit. Let us
recall that after the hydrogen burning in a main sequence
star, the stability of the resulting helium core surrounded
by a hydrogen–rich envelope is of the utmost relevance
to predict the subsequent evolution of the star (its place
in the Hertzprung–Russell diagram). The Schonberg-
Chandrasekhar limit concerns the ratioM/Mc where M is
the total mass and Mc is the mass of the core, and asserts
that such a ratio must not exceed a certain limiting value
(the Schonberg-Chandrasekhar limit), for otherwise the
system is no longer stable. Now, the important point is
that to arrive at this result one has to resort to the virial
theorem, which we know is affected by the presence of
pressure anisotropy (see pages 95, 96 in [26] for a discus-
sion on this point). In other words pressure anisotropy
would affect the Schonberg-Chandrasekhar limit in two
7different ways. On the one hand by affecting the struc-
ture of the polytrope and on the other by the modifica-
tions of the virial theorem, introduced by the pressure
anisotropy. To establish how this limit is specifically af-
fected by the kind of the anisotropy considered here, is
out of the scope of this work, but certainly is an issue
that should be addressed in the future.
Finally, we have to point out that this study was car-
ried out within the context of Newtonian gravity and
spherical symmetry. It is possible that this symmetry
could be broken by the same physical factors that create
the anisotropy in the system, in which case the method
presented here should be applied with caution and only
as an approximation.
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